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1. INTRODUCTION 
The Lidstone series expansion for a function f is given by 
f(4 =f(l)44 +fK941 - 4 +fv)44 +f”w 41 - 4 + ... , 
U-1) 
where Ah(z) is the unique polynomial of degree 2K + 1 determined by the 
conditions 
A,(z) = z; A,(O) = A,(l) = 0, 71 3 1; 
AR,(z) = &-I(4, n > 1. U-2) 
Every entire function of exponential type less than v has an absolutely 
convergent Lidstone series representation [2]; the constant r is best possible 
in view of the function sin VZX. Also, it is known that, if {Irk}: is a complex 
sequence, convergence of the series 
S(z) = boo + W,(l - 4 + uw) + @4(1 - 2) + -.*, (1.3) 
for one value of I which is not an integer implies convergence for all z, with 
uniform convergence on compact sets. Consequently, one can differentiate 
(1.3) 2K times and set z = 1 and x = 0 to obtain 
h,, = P”‘(l), h,,,, = Pk’(O), lz = 0, 1, 2 ,.... (1.4) 
Therefore every convergent Lidstone series is the basic series expansion (1 .I) 
of its sum. 
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The question of necessary conditions for (1.1) to hold has also been con- 
sidered [1, 5, 81. In terms of growth conditions on the functionf, S. Schmidli 
[5] proved that f(x) = o(exp(rr + e) 1 x I}, for arbitrary E > 0, is necessary 
for convergence in (1.1). F or absolutely convergent series, R. P. Boas [1] 
improved this to f(“)(O) = o(+), n -+ co. That f(“)(O) = o(nn) is in fact 
necessary for ordinary convergence can be obtained as a special case of 
more general results of the first author [4]. 
In the present paper we prove that the condition f(“)(O) = o(zn) is both 
necessary and sufficient for (1.1) to hold. We also show that this condition 
implies a type of convergence much stronger than that of uniform convergence 
on compact sets. Let F denote the collection of entire functions f such that 
f(“)(O) = o(+), n + co. With the norm 
s is a Banach space which is isometrically isomorphic to c,, , the space 
of complex sequences with limit 0, normed with the supremum norm. We 
prove that, for f E %, the series (1.1) converges to f in the norm defined by 
(1.5). Therefore $ has as a strong basis the sequence {A&), A,( 1 -z), A,(z), 
A,(1 - z),...>. Since 
for allfe9 and all z, it follows that convergence with respect to II * ]I implies 
uniform convergence on compact sets. 
2. PRELIMINARIES 
It will be convenient to have an alternate notation for the Lidstone poly- 
nomials. Let {pk(z)}z be the sequence defined by 
P2kW = AL(Z), P,k,(Z) = A,(1 - 4, k = 0, 1, 2 ,..., 
and let {&}z be the sequence of linear functionals defined by 
L2k(f) =f’““‘(l), L,,+,(f) =f(2kYo)9 K = 0, 1, 2 ,.... 
The expansion (1.1) can then be written in the form 
f(z) = f Lk(f)PkW 
k-0 
(24 
We shall also write Lk as 
Lk(f) = 5 Lk3f”)(0), 
i-k-1 
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where, for even R, 
Lkj = w - w 
I 
j 3 k 
0, .i < k, (2.2) 
and 
j=k-I, 
j#k-1, (2.3) 
for odd k. 
It is easy to verify that the sequences {Lk}c and {pk}r are biorthogonal, 
i.e., Ll(pj) = 0 if k # j and L&J,) = 1. We also make use of the fact that 
(2.1) is valid for polynomials: 
i+1 
$= &Lk,p,(4, j  = 0, 1, L... (2.4) 
We shall need estimates for the quantities Lki , p!‘(O) and plc(z). It follows 
from (2.2) and (2.3) that 
0 < Lkj d I/( j - k)! forO<K<j<co. (2.5) 
To estimate pi’(O), we first note that A; = A,-, implies that & = p,-, . 
Therefore 
PP’(O) = Pk-2,(O) and pp+yO) = p,&(O). 
From the definition of p, we havep,(O) = 0, p,(O) = 1, andp,(O) = 0, k > 1. 
To estimate derivatives at 0, we make use of the Fourier series [7] for A,: 
A&) = (- 1)” & mc, (- lP+l s; , k> 1, -l<x<l. 
From this we obtain 
$;k(X) = Ak’(X) = (-l)k $ f (-l)n”+lKp 
Tlt=l 
and 
p;,k+l(x) = --A,‘(1 - x) = (- 1)” -$ g y . 
w&=1 
A routine calculation now yields the inequality 
(2.6) 
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To estimate p&z) we use the asymptotic formula [7] 
A,(z)=(-l)~~+0~(&)2k~, k+aI, (2.7) 
which holds uniformly on compact sets. Define the sequence {Us}: by 
“Sk = ask+1 = [(-1)” 21/7P+1, O<k<w. 
From (2.7) and the definitions of p&z) and aIk we obtain 
pk(z)/ak = sin rrz + O{(+)lc>, k -+ 00, (2.8) 
which holds uniformly on compact sets. 
3. NECESSITY 
The calculations needed to show that the Lidstone polynomials satisfy the 
hypotheses in [4], while not difficult, are fairly tedious. We avoid them by 
giving a direct proof that f(“)(O) = o(rr”) is a necessary condition for (1.1) 
to hold. 
THEOREM A. Suppose that h = (h,),” is a complex sequence, that z, is not 
an integer, and that 
SW = f  h,p,@) (3.1) 
k=O 
converges for z = z. . Then (3.1) converges for all z, the convergence being 
uniform on compact sets. Further, the sequence h satisjies 
h, =Lk(s), k = 0, 1, 2 ,..., (3.2) 
and the function S satisfies W)(O) = o(w”), n + co. 
Proof. Suppose that (3.1) converges for z = z, . Then 
0 = i+t h,p,(z,) = F& akhlc[pk(zo)/ak] = sin z-.zol& akhk 
by (2.8). Since sin CZ,, # 0, we have lim,,, akhk = 0. The estimate (2.8) 
now insures that 
co 
c Olkhk 1% - sin%-.zj 
k=O 
(3.3) 
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is uniformly convergent on compact sets. Since (3.3) converges for z = z0 , 
we have 
The convergence of C,” akhk implies uniform convergence on compact sets 
of C,” akhk sin VZ. In view of (3.3), the same must be true of (3.1). We have 
already verified (3.2); it is a restatement of (1.4). 
We now show that LP)(O) = o(+), n + co. Since pjl. = p,-, , for each 
n > 0 we have 
since 
ake2, = (-1)” rr2”ak . 
Let gk@> = Pkb)/OLk - sin vz and choose K > 0 such that 
I g&)l < K(Q)’ for / z 1 < 1 and K = 0, I,2 ,.... 
Then 
and 
for 1 z 1 < 1. Consequently, the sequence of functions T,(z) = S(2n)(z)/~2n is 
uniformly convergent to 0 on compact subsets of 1 x 1 < 1. Therefore the 
same is true of the sequence {Tn’(z)}~. Since both T,(O) and T,,‘(O) have 
limit 0, we obtain 
lim Scn)(o) 0 -= , 
n+m ?P 
and the proof is complete. 
4. SUFFICIENCY 
THEOREM B. Iff’“‘(O) = o(lr”), n + co, then 
f@) = f Lk(f)pk(z), 
k=O 
FUNCTIONS EXPANDABLE IN LIDSTONE SERIES 631 
the convergence being uniform on every compact set. Moreover, 
Proof. Since norm convergence implies uniform convergence, it is 
enough to prove the former. We have 
goLk( f) pk(z) = g0 j&L,jf “‘(0) P&) = ZOf ‘j’(O) minE;+l) Lkjpk(Z) 
n-1 i+l 
= z. f ‘j’(o) zOLkjPk(‘) + snf ‘j’(O) tO Lkjpk(z) 
n-1 m 
= 2 f “‘(0) 5 + znf ‘j’(O) ;OLk,pk(z) 
by virtue of (2.4). Therefore 
f (2) - zO &(f)pk(z) = f f(j)(o) ; - 2 f (‘j(o) $OLkjPk(z)* 
j=n j=n 
We now estimate the norm of this function. We have 
11 f f(j)(o) $. 11 = SUP !=lY!$Y , 
j=n &?a 
From (2.5) and (2.6) we obtain 
Now 
sn ;o(jr;)! < lf i j=n k=--m (jr:)! = go f1 + 9 2 = (m + 1) en. 
632 BUCKHOLTZ AND SHAW 
Combining our estimates, we see that 
and this complete the proof. 
5. REMARK 
Lidstone series are often written in the forms 
(5.1) 
and 
g {f’““‘(l) 4b) + f’““‘(0) A,(1 _ + (5.2) 
Our results do not apply in these cases. The conditionft”)(O) = o(+) is not 
sufficient for the convergence of (5.1) and not necessary for the convergence 
of (5.2). To construct examples to show this, one needs (2.7) and the observa- 
tion (which is implicit in the proof of Theorem A) that convergence of (3.1) 
is equivalent to the convergence of C,” a&, . 
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